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Abstract: I revisit the fate of coinciding horizons and the volume between them in the extremal limit of spherically
symmetric black holes in four spacetime dimensions, focusing on the Schwarzschild de Sitter black hole for concreteness.
The two Killing horizons in the limit spacetime that are traditionally identified with the limiting event horizons of the
non-extremal black hole are shown to instead be generated by an enhanced symmetry of the near horizon geometry
(NHG). This dismantles the interpretation of the 4-volume between the horizons remaining finite in the extremal limit. The
NHG is reinterpreted as a tangent spacetime to the degenerate black hole horizon, and geometrical objects, such as Killing
vectors and Killing horizons, are carefully mapped between the bulk and the NHG. The implications for extremal black
hole entropy are then discussed.
1. Introduction
The laws of black hole mechanics bare a striking resem-
blance to the laws of thermodynamics. Indeed, this similarity
becomes solidified when quantum effects are taken into ac-
count: a black hole horizon emits thermal radiation at a char-
acteristic temperature[1], and the information in the interior
of the horizon (i.e. the entropy) is proportional to the spa-
tial cross-sectional area of the event horizon[2]. The source
of this entropy largely remains a mystery due to the lack of
a full quantum theory of gravity that would unambiguously
identify the various microstates. However, there has been some
progress in understanding black hole entropy using holography
as a tool to count those microstates.
This was first carried out for extremal black holes[3] and
was later extended to the near-extremal case[4]. Extremal black
holes are very different beasts from their non-extremal and
even near-extremal counterparts. The causal structure of an ex-
tremal black hole is very different from that of a non-extremal
black hole: in general, the extremal limit is not a Hausdorff
limit. However, there is a sense of consistency since the laws
of black hole mechanics forbid a non-extremal black hole from
becoming extremal in a finite number of steps. This is because
extremal black holes are at zero temperature.
In contrast to most thermodynamic systems the nonzero hori-
zon area suggests a nonzero entropy, although there is debate
about how extremal black hole entropy is defined. The string
theory and holography calculations put forth in [3] predict the
Bekenstein-Hawking entropy SBH = AH4G where AH is the
horizon area and G is Newton’s constant, yet semiclassical
considerations suggest the gravitational entropy is due to a
nontrivial spacetime topology and should vanish for extremal
black holes[5, 6]. Similarly, the Wald entropy of an extremal
black hole should vanish because the Killing horizon is not
bifurcate[8]. Then again, recent work identifies the entangle-
ment entropy between causally disconnected regions of space-
time with black hole entropy[7], implying a nonzero entropy
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for extremal black holes. As is pointed out in [9], clearly not all
of these methods calculate the same quantity, so how extremal
black hole entropy is defined is still up for debate. It is my aim
here to demonstrate why methods that rely on the global prop-
erties of the near horizon geometry (NHG) are poor choices for
this definition.
If one takes semiclassical gravity seriously, then the Eu-
clidean instantons of extremal black holes must also contribute
to the path integral. One such case of historical importance
is the Euclidean Nariai instanton, which is typically identi-
fied as the extremal Schwarzschild de Sitter (SdS) black hole.
It is well-known that non-extremal SdS has no corresponding
complete instanton, since there is no choice of the periodicity
of Euclidean time that can simultaneously remove both con-
ical singularities. This is physically interpreted as the black
hole and cosmological horizons being at different tempera-
tures. When considering the semiclassical contribution of SdS
in [10], Ginsparg and Perry showed that although Euclidean
SdS is not an instanton, it has a finite action that smoothly lim-
its from the S4 instanton of de Sitter space to the S2×S2 Nar-
iai instanton, further entrenching the identification of Nariai as
extremal SdS.
Examining the static patch between the horizons as the limit
to extremality is taken, the authors of [10] were led to the
conclusion that the 4-volume between the horizons remains fi-
nite in the extremal limit; i.e. the two merging horizons would
never overlap. This implies a non-zero temperature for extremal
SdS, with the two horizons being at a common temperature, in-
stead of a degenerate horizon at zero temperature. In addition
to this interpretation not making intuitive sense (an extremal
black hole implies a degenerate horizon), there are a number of
subtleties associated with spacetime limits that must be care-
fully dealt with, in particular the hereditary and nonhereditary
properties of spacetimes. In this paper, I show that the Nariai
solution is in fact the NHG of extremal SdS, which is further-
more to be thought of as a tangent spacetime to the degenerate
horizon. When viewed in this light, the non-degenerate Nar-
iai horizons are actually generated by a Killing vector of the
enhanced spacetime symmetry in the NHG.
This paper is outlined as follows. The Ginsparg-Perry limit
of SdS is outlined in section 2 with a focus on where and
why the standard interpretation arises. In section 3, I review
the salient features of Geroch’s seminal paper on the limits of
spacetimes, in particular what happens to the Killing vectors
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when a limit is taken. I use these results in section 4 to show
how to map geometrical data from the extremal spacetime into
its NHG. I finish in section 5 with a discussion of these results
and how they can be extended to other types of extremal black
holes. In particular, I discuss the relation of these results to the
unresolved issue of extremal black hole entropy.
2. The Coinciding-Horizon Limit
Let us begin by reviewing the Ginsparg-Perry limiting pro-
cedure found in Ref. [10], which concerns the Euclidean sector
of a Schwarzschild de Sitter (SdS) black hole. The following
procedure can be carried out in the Lorentzian sector and can
be extended to isolated two-horizon black holes with different
asymptotic structures,2 but for concreteness we will consider
Euclidean SdS here. The metric is given locally by
ds2 = f(r)dτ2 +
dr2
f(r)
+ r2dΩ2, (2.1)
f(r) = 1− 2M
r
− 1
3
Λr2,
where dΩ2 is the metric on a unit 2-sphere. There are two sin-
gularities at r+ and rc leaving r restricted to the range r+ <
r < rc; these singularities correspond to the black hole and the
cosmological horizons respectively of the Lorentzian solution.
One of these singularities can be removed by choosing an ap-
propriate periodicity of τ , but both cannot be simultaneously
removed for an arbitrary choice of M and Λ.
If 9M2Λ = 1, the two singularities overlap r+ = rc, seem-
ingly leaving an ill-defined range for the r-coordinate. How-
ever, consider setting 9M2Λ = 1− 32 so that r+ = r0(1− )
and rc = r0(1 + ), with r0 = 1√Λ
(
1− 162
)
, and defining a
new radial coordinate ρ and a time coordinate ψ via
r = r0 + ρ, τ =
ψ

. (2.2)
Note that in this coordinatization, rc and r+ correspond to ρ =
±r0 respectively. The metric (2.1) takes the form
ds2 =
(
1− ρ
2
r20
)
dψ2 +
dρ2
1− ρ2
r20
+ r20dΩ
2 +O(2), (2.3)
which is regular in the  → 0 limit. In the strict limit, it is the
metric on S2 × S2 where each two-sphere has radius r0; this
is the Euclidean Nariai solution.
The  → 0 limit of the metric (2.3) is globally regular and
clearly has finite 4-volume. The singularities at rc and r+ of
(2.1) remain separated at ρ = ±r0 and are both removed by
choosing ψ to have period 2pir0. Because this limit is per-
formed in the Euclidean sector, necessitating the existence of
a static region, the standard interpretation of this result is that
the 4-volume of the static patch between the horizons of SdS
remains finite in the extremal limit. Thus, the Nariai solution
is often identified as the extremal SdS black hole. We will
2 These statements will be explicitly demonstrated in a future paper.
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Fig. 1. The conformal diagram for the dS2 part of the Nariai
spacetime. The coordinates of Eq. (2.4), cover the static patch
indicated.
see shortly, however, that Nariai, whose Lorentzian sector is
dS2 × S2 given by
ds2 = −
(
1− ρ
2
r20
)
dt2 +
dρ2
1− ρ2
r20
+ r20dΩ
2, (2.4)
is instead the near-horizon geometry of extremal SdS, which
has no static regions. The conformal diagram of the dS2 part of
Nariai is displayed in Fig. 1, showing the static patch covered
by (2.4) and the two horizons located at ρ = ±r0.
The Nariai instanton’s contribution to the partition function
implies a tunnelling rate from de Sitter space to extremal SdS.
However, the stability of Euclidean Nariai against transverse
trace-free symmetric tensor perturbations hab was also exam-
ined in [10], where it was found that the spectrum of the differ-
ential operator G defined by Gabcdhab = −hcd− 2Racbdhab
has a single negative eigenvalue. This Euclidean negative mode
causes the degenerate horizon to split into an outer and inner
horizon, ending in the black hole evaporating on a time scale
much shorter than the timescale of nucleation. This analysis
suggests that extremal SdS always has a quantum instability
toward decaying to a non-extremal SdS black hole, but this
analysis rests on the underlying assumption that Nariai is the
same as the extremal SdS black hole, since it is the former that
contains the instability. Since Nariai will be shown to be the
NHG of extremal SdS, it is unclear how the global properties
of Nariai (i.e. the spectrum of the operator G) impacts the sta-
bility of the extremal SdS horizon.
3. Limits of Spacetimes
As outlined in Geroch’s seminal paper on spacetime lim-
its [11], which properties are preserved in a limit is a non-
trivial matter. To begin with, “the” limit of a spacetime is an
ill-conceived notion because many independent limits may ex-
ist. For instance, starting with the Schwarzschild metric with
M = −3
ds2 = −
(
1− 2
3r
)
dt2 +
dr2(
1− 23r
) + r2dΩ2, (3.1)
c©2018 NRC Canada
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there is clearly no limit as  → 0. However, the following two
diffeomorphisms each yield a valid → 0 limit:
r = r˜/, t = τ, θ = ρ, (3.2)
ds2 → 2
r˜
dt2 − r˜
2
dr˜2 + r˜2(dρ2 + ρ2dφ2)
r = x− −4, θ = 4ρ. (3.3)
ds2 → −dt2 + dx2 + dρ2 + ρ2dφ2.
The former is a non-flat Kasner metric, while the latter is the
flat Minkowski metric. Evidently curvature invariants are not
preserved in spacetime limits as this simple example explicitly
demonstrates.
In fact, there are certain properties of the parent spacetime
which are preserved in limits – so called hereditary properties –
and others that are not. Since the horizons being considered in
this paper are all Killing horizons, let’s examine the hereditary
properties of Killing vectors. To do so, first consider a one-
dimensional family of manifolds (M, gab()). Out of these,
we construct a five-dimensional manifold M with signature
(0,−,+,+,+) with the (M, gab()) as leaves of the foliation.
It was shown in [11] that conformal transformations of M also
obey the various limits, so there exists a conformal completion
M˜ = M∪∂M . The boundary ∂M is called the limit space and
corresponds to (M0, gab( = 0)). The necessity of the degen-
erate direction in M is due to there being several independent
valid limits of → 0.
Next, ifK denotes the set of Killing vectors on (M, gab()),
then it can be shown that dimK0 ≥ dimK. In particular, this
states that symmetries cannot be lost when taking limits, but
symmetries can be gained. A crucial feature of this analysis is
that K is not required to smoothly map to K0 in the  → 0
limit, but rather all that is required is for it to limit to an accu-
mulation space.
This may seem counterintuitive since the geometry must
limit smoothly to (M0, gab( = 0)) and Killing vectors are
isometries of the metric. However, this subtle point is respon-
sible for the interpretation of the Ginsparg-Perry limit above.
Indeed, examining the coordinate transformation (2.2), it is ev-
ident that the timelike Killing vector transforms as ∂t → ∂τ ,
which is singular in the  → 0 limit. This implies that the
Killing horizons generated by ∂t in the parent spacetime (r+
and rc) do not smoothly map to the Killing horizons gener-
ated by ∂τ in the limit spacetime (±r0). Therefore, there is no
meaningful sense in which the 4-volume between the horizons
remains finite in the extremal limit.
4. Mapping of Geometric Objects
The extremal SdS solution can be obtained from the canon-
ical limit, 9M2Λ → 1, of SdS. This limit is well-defined and
the metric is given locally by
ds2 = − dτ
2
V (τ)
+ V (τ)dσ2 + τ2dΩ2, (4.1)
V (τ) =
(
τ + 2r0
3τ
)(
τ
r0
− 1
)2
,
τ
=
r 0
τ
=
r
0
τ = 0
τ =∞ τ =∞
I
IIII
Fig. 2. The conformal diagram for extremal SdS. Regions I and
II are separately covered by (4.1), but the chart is not regular
across H located at τ = r0. The shaded regions represent the
small neighbourhood U(H).
where r0 = Λ−1/2. Note that there is no static patch anywhere,
hence no static timelike Killing vector. However, there is a de-
generate Killing horizon H located at τ = r0 generated by
∂σ , which is spacelike everywhere except at r0 where it is null.
Furthermore, as can be seen from its conformal diagram in Fig.
2, this spacetime is not a black hole but rather it is a cosmol-
ogy with an initial singularity evolving asymptotically toward
de Sitter.
Using Gaussian null coordinates in the neighbourhood of an
extremal horizon, it has been shown that any degenerate hori-
zon admits a NHG that satisfies the same equations of motion
(see Ref. [12] for an extensive review). Inspired by this, I ex-
amine the NHG by expanding the metric (4.1) about τ = r0,
and keeping only the lowest order terms:
ds2 ≈ − r
2
0
τ˜2
dτ˜2 +
τ˜2
r20
dσ2 + r20dΩ
2, (4.2)
where τ˜ ≡ τ − r0. It is now easily verified that this metric
is dS2 × S2, i.e. the Nariai solution. Note that this procedure
does not guarantee that (4.2) satisfies the equations of motion.
Instead, this procedure recovers the NHG and provides a map
φ : U(H) → U(HN ) between the bulk and the NHG, where
U(p) is a small open neighbourhood containing p and HN is
defined by the image of φ acting onH.
To connect (4.2) with the discussion in section 2, the follow-
ing coordinate transformation is employed
τ˜ = −r0e−t/r0
√
1− ρ
2
r20
, σ =
ρet/r0√
1− ρ2
r20
. (4.3)
H is located at τ˜ = 0, which meansHN is located at ρ = ±r0
and t = +∞. Eq. (4.3) puts the NHG metric into the standard
Nariai chart
ds2 = −
(
1− ρ
2
r20
)
dt2 +
dρ2
1− ρ2
r20
+ r20dΩ
2, (4.4)
τ˜
=
0 τ˜ =
0
τ˜ = −∞
τ˜ =∞ τ˜ =∞
I
IIII
Fig. 3. The conformal diagram for dS2. Regions I and II are
separately parametrized by the coordinates τ and σ. The shaded
regions correspond to U(HN ).
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static patch
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+
t
H
N , H +
t
H −
t H
−
t
Fig. 4. The conformal diagram for dS2. The diamond-shaped
static patch is covered by coordinates t and ρ. The dashed lines
are H−t , the solid lines are HN and H+t , the dotted line is the
t = 0 slice, and the shaded regions correspond to U(HN ).
which was obtained in the Ginsparg-Perry limit in Eq. (2.4).
The explicit form of the map φ is given by Eq. (4.3), allow-
ing for an unambiguous mapping of geometrical data. Recall
thatH is generated by the Killing vectorK = ∂σ , which trans-
forms according to
K → −ρe
−t/r0
r0
√
1− ρ2
r20
∂t +
√
1− ρ
2
r20
e−t/r0∂ρ. (4.5)
One can explicitly verify that K is a Killing vector of the Nar-
iai metric, (4.4). It has norm K2 = e−2t/r0
(
1− ρ2
r20
)
and is
everywhere spacelike except at ρ = ±r0, t = +∞ where there
is a degenerate root; t = −∞ is not contained in HN . The
horizons Ht generated by ∂t, on the other hand, are located at
ρ = ±r0, with the future horizonsH+t located at t = +∞ and
the past horizonsH−t located at t = −∞. Hence,HN ∩H+t is
non-empty, whereasHN ∩H−t is empty. The horizon structure
is shown in Fig. 4.
Finally, applying the inverse map φ−1, it is easily verified
that ∂t → −
(
τ
r0
− 1)∂τ + σr0 ∂σ , which is not a Killing vector
of the bulk spacetime (4.1). Evidently, the Killing vector ∂t is
a generator of the increased spacetime symmetry group in the
near horizon region. In fact, this must be true by a very simple
argument: the NHG must contain the conformal group, yet the
extremal SdS spacetime possesses no static timelike Killing
symmetries. Therefore the time translation symmetry must be
due to a generator of the enhanced symmetry group.
5. Discussion
It is well-established that spacetimes with degenerate hori-
zons admit NHGs as solutions to the same equations of mo-
tion. Furthermore, these NHGs possess an increased space-
time symmetry group that includes (a subgroup of) the con-
formal group. In this paper, I have shown that the generator of
time translations arising from this increased symmetry group
is responsible for the interpretation of the 4-volume remain-
ing finite between merging horizons. To illustrate the prob-
lem, I have taken the canonical extremal limit of the SdS black
hole and expanded the metric about the degenerate horizonH,
yielding the Nariai metric in unconventional coordinates. The
NHG was then reinterpreted as a tangent spacetime to H; it is
only valid in a small neighbourhood U(HN ), whereHN is the
image ofH mapped into the NHG.
The analysis presented here can easily be generalised to black
holes with merging inner and outer horizons, such as the ex-
tremal limit of Reissner-Nordstrøm. The details of this and
more general cases is deferred to a future paper. Focusing on
the geometry between the two horizons, there is an analogous
Ginsparg-Perry limit (although necessarily with Lorentzian sig-
nature) which naively leads to the conclusion that the 4-volume
in this region remains finite in the extremal limit[9]. As is done
in this paper, one may take the canonical extremal limit of the
Reissner-Nordstrøm black hole and expand the metric about
the degenerate horizon H: in this case one obtains AdS2 × S2
as the NHG and there exists a map φ˜ : U(H)→ U(HN ) which
brings the NHG metric into global AdS coordinates. This again
demonstrates that the NHG is a tangent spacetime to the degen-
erate horizon and hence the inverse map φ˜−1 does not apply
globally.
The implications of this for extremal black hole entropy are
far reaching. From a string theory perspective, extremal black
holes (particularly supersymmetric black holes) are local vacua
of the theory. They are thought of as the intersection of stacks
of D-branes, where the dynamics of the D-branes decouple
from the bulk and the branes act like a free gas[13]. This is
known as the decoupling limit and involves sending the Planck
length to zero while simultaneously performing a diffeomor-
phism on the near-extremal black hole. For spherical black
holes in d dimensions, the result is a NHG metric of the form
AdS2 × Sd−2. Next, the AdS/CFT correspondence is used to
identify the CFT microstates on the boundary with the mi-
crostates of the extremal horizon, leading to the Bekenstein-
Hawking entropy. Alternatively, the microstates can be obtained
by the CFT on the worldsheet of the effective string defined
along the brane intersections of a higher dimensional black
string. However, in this case the central charge and the oscilla-
tor levels of the affine currents are all defined asymptotically.
Both of these methods rely on global properties of the NHG,
so their connection to the microstates of the bulk spacetime are
suspect. Furthermore, time translations of the CFT are with
respect to an enhanced symmetry in the NHG, not time trans-
lations in the bulk.
Considering the Wald entropy [8] in the NHG presents an
interesting dilemma for extremal black hole entropy. From in-
spection of Fig. 4, Ht is a bifurcate Killing horizon and hence
ought to yield a nonzero entropy, while HN is clearly not bi-
furcate and hence ought to yield zero entropy. It appears that
even in the NHG itself there are conflicting notions of how en-
tropy should be defined. Given that a point p′ in the NHG only
maps to a point p in the bulk iff p′ ∈ U(HN ), I propose defin-
ing extremal black hole entropy with respect toHN . However,
the aim of this paper is not to settle the issue of extremal black
hole entropy, but rather to explicitly highlight some subtle and
often under-appreciated properties of NHGs.
First, they are tangent spacetimes to the degenerate horizons
of extremal black holes. Second, time translations in the NHG
are generated by one of the increased symmetries, implying no-
tions of energy and temperature in the NHG are disconnected
from those of the bulk. Third, the extremal black hole hori-
zon maps to a degenerate Killing horizon that partially over-
laps the non-degenerate Killing horizon generated by the in-
c©2018 NRC Canada
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creased symmetry. These subtle points force careful and de-
liberate thought about the thermodynamics of extremal black
holes, in particular how significantly they differ from their non-
extremal (even near-extremal) counterparts. I leave further ex-
ploration of these and related issues, including extensions to
other types of black holes and black branes, for future work.
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